Abstract Let C E ([Àd, 0]) (resp. C B(0, T) ([Àd, 0]) be the Banach space of continuous functions from [Àd, 0] into a Banach space E (resp. into B(0, T)), where B(0, T) = {x 2 E : ixi 6 T} and let C 2 C E ð½Àd; 0Þ. In this paper we prove an existence theorem for the differential equation with delay ðPÞ _ xðtÞ ¼ f d ðt; h t xÞ; t 2 ½0; T;
( where h t : C Bð0;TÞ ð½Àd; tÞ ! C E ð½Àd; 0Þ is such that h t xðsÞ ¼ xðt þ sÞ for all s 2 [Àd, 0] and for all x 2 C B(0,T) ([Àd, t]) while f d is a function from [0, T] · C B(0, T) ([Àd, 0]) into E. By using ðR E ; N ; pÞ-measure of noncompactness and under a generalization of the compactness assumptions, we prove an existence theorem and give some topological properties of solution sets of the problem ðQÞ _ xðtÞ 2 AðtÞxðtÞ þ F d ðt; h t xÞ; t 2 ½0; T;
x ¼ C; on ½Àd; 0;
( where F d : [0, T] · C E ([Àd, 0]) fi P fc (E), P fc (E) is the set of all nonempty closed convex subsets of E while h t : C E ([Àd, t]) fi C E ([Àd, 0]) defined by h t x(s) = x(t + s) " x 2 C E ([Àd, t]), "s 2 [Àd, 0] and {A(t) : 0 6 t 6 b} is a family of densely defined closed linear operators generating a continuous evolution operator Sðt; sÞ.
Introduction
Put Bð0; TÞ ¼ fx 2 E : kxk 6 Tg; C ¼ C Bð0;TÞ ð½Àd; 0Þ and ([Àd, t] ). Assume that F d is a multivalued function from [0, T] · C 0 into the set, P fc (E), of all nonempty closed convex subsets of E and {A(t) : 0 6 t 6 T} be a family of densely defined closed linear operators generating a continuous evolution operator N ðt; sÞ. For each C 2 C, in Section 3 we deal with the existence solutions to the differential equations with delay of the form ðPÞ _ xðtÞ ¼ f d ðt; h t xÞ t 2 ½0; T x ¼ C; on ½Àd; 0;
( we have a finite delay and use a measure of noncompactness thus we improvement Theorem 9 in [1] and that with a generalization of Theorem 2 in [2] . Moreover in Section 4 we consider the differential inclusion ðQÞ _ xðtÞ 2 AðtÞxðtÞ þ F d ðt; h t xÞ; t 2 ½0; T x ¼ C on ½Àd; 0;
( where h t : C E ([Àd, t]) fi C 0 defined by h t x(s) = x(t + s) for all s 2 [Àd, 0] and for all x 2 C E ([Àd, t]). Our purpose in this section is to prove an existence theorem for integral solution of the problem (Q) and we give some topological properties for the solution set, SðCÞ, of the integral solutions for (Q), also we have an important consequence of Theorem 4.1 in the abstract control problems. In this section we have a generalization to the existence theorems of Deimling [3] , Ibrahim and Gomaa [4] , Kisielewicz [5] and Papageorgiou [6, 7] . As A(t) " 0 the results extend that of [6, [8] [9] [10] ].
Preliminaries
Let E be a Banach space and let us denote by P(E) the collection of all nonempty subsets of E. Let B E be the family of all nonempty bounded subsets of E and let R E be the family of all nonempty and relatively weakly compact subsets of E. Definition 2.1. A nonempty family K & R E is said to be a kernel if it satisfies the following conditions:
A subfamily of all weakly compact sets in K is closed in the family of all bounded and closed subsets of E with the topology generated by the Hausdorff distance.
Definition 2.2. A function c : B E ! ½0; 1Þ is said to be a measure of noncompactness with the kernel K if it is subject to the conditions:
(ii) cðAÞ ¼ cðAÞ, where A is weak closure of the set A, (iii) c(conv A) = c(A), (iv) A; B 2 B E ; B & A ) cðBÞ 6 cðAÞ [11, 12] .
Denote by N a basis of neighbourhoods of zero in a locally convex space composed of closed convex sets and
The following two definitions can be found in [13, 14] . 
(ii) for each e > 0 there exists X2 N 0 such that p(X) < e, (iii) p(X) > 0 whenever X R K.
Definition 2.4. A function c : B E ! ½0; 1Þ is said to be ðK; N ; pÞÀ measure of noncompactness if and only if
For any nonempty bounded subset Z of E we recall the definition of Kuratatowski measure, a, of noncompactness and the Haudorff measure, a * , of noncompactness aðZÞ ¼ inffe > 0 : Z admits a finite number of sets with diameter < eg; a Ã ðZÞ ¼ inffe > 0 : Z admits a finite number of balls with radius < eg:
For the properties of a and a * we refer to [12, 15] for instance. Each the Kuratowski measure of noncompactness and the Hausdorff measure of noncompactnessare is ðK; N ; pÞ-measure of noncompactness (see [13] ).
In this paper we consider I = [0, T], k is the Lebesgue measure on I and LðEÞ is the algebra of all continuous, linear operators from E to E. For each t 2 I; h t is the function from C B(0, T) ([Àd, t]) into C 0 defined by h t xðsÞ ¼ xðt þ sÞ 8 s 2 ½Àd; 0; 8 x 2 C: and h t is that from C E ([Àd, t]) into C 0 such that h t xðsÞ ¼ xðt þ sÞ 8 s 2 ½Àd; 0; 8 x 2 C 0 :
If Q : I ! 2 E À f;g is measurable and integrable bounded with weakly compact values, then set of all integrable selections of Q; r 1 Q , is weakly compact in the Banach space, L 1 (I, E), of Lebesque Bochner integrable functions f : I fi E endowed with the usual norm [16] . Sðt; sÞfðsÞds for all t 2 I;
* be the topological dual of the Banach space E and E w be the Banach space E endowed with the weak topology. By taking P f (E) the collection of all nonempty closed subsets of E, so the multivalued function F : 
such that iF(x(t))i 6 a(t) almost all t 2 I and for all x 2 C(I, E), x n (t) fi x 0 (t) weakly a.e. on I, y n fi y 0 weakly and y n (t) 2 F(x n (t)) a.e. on I, then y 0 (t) 2 F(x 0 (t)) a.e. on I.
Lemma 2.7. [14] . Let c be a ðK; N ; pÞ-measure of noncompactness such that p(aX) = ap(X) with X 2 N 0; a 2 R and let N be composed of balanced sets. So, for each bounded subset U of E and for each A 2 LðEÞ, we have c(AU) 6 OEAOEc(U).
Lemma 2.8. [13] . If c is a ðK; N ; pÞ-measure of noncompactness such that p(aX) = ap(X) with X 2 N 0 ; a 2 R þ and for each X; Y 2 N 0 we find X þ Y 2 N 0 , then
Under the assumptions in Lemma 2.8 on the measure c we state the following lemma.
Lemma 2.9. [19] . Let V˝C(I, E) be a bounded equicontinuous for the strong topology and V(J) = {x(t):x 2 V, t 2 J}, where J is a subinterval of I. Then, under the assumptions in Lemma 2.8, c(V(J)) = sup t2J c(V({t})) = c (J(s)) for some s 2 J.
Existence result for (P)
In the following theorem we have a finite delay and use a measure of noncompactness thus we improvement Theorem 9 in [1] and that with a generalization of Theorem 2 in [2] . (
for each e > 0 and any nonempty bounded subset Z of C there exists a closed subset I e of I with k(I À I e ) < e and c(f
Then, for any C 2 C, the problem (P) has a solution.
Proof. For any arbitrary n 2 N and for every ðt; xÞ 2 Àd; T n Â Ã such that t 6 s.
Since v is continuous and w is Carathe´odory we can find a closed subset I e of 0;
Moreover we can find a closed subset J e of 0;
Á < e and that for any compact subset K of J e and any bounded subset Z of E; cðh 1 ðK Â ZÞÞ 6 sup s2K wðs; cðZÞÞ.
Let 
, there exists a closed subset J e of 0; 
wðs; bðNÞÞ:
From the mean value theorem we obtain Therefore _ vðtÞ 6 wðt; vðtÞÞ a.e. on 0;
T n Â Ã [19] . Since v(0) = 0 and w is a Kamke function, then v " 0. Thus the closure of ðx m Þ n2N is compact and thus we can find a subsequence ðx m k Þ of (x m ) which converges to a limit u 1 in C 0; 
Hence there exists 
Moreover the set bðLðtÞÞ ¼ bðfv n ðtÞ : n 2 NgÞ is such that b(L(0)) = 0 and, as in the proof of Theorem 9 in [1] and by using Lemmas 2.8 and 2.9, we get b(L(t)) = 0 for all t 2 I. Thus by Ascoli's theorem we may assume that the sequence fv n : n 2 Ng converges uniformly to a function
. But bðfh n ðtÞ : n 2 NgÞ ¼ 0 and so fh n ðtÞ : n 2 Ng is relatively compact. Create a multivalued function F ðtÞ ¼ convfh n ðtÞ : n 2 Ng. Thus F ðtÞ is nonempty convex and compact, the set d 
From Lemma 2.6 the proof is therefore complete. h
Existence Results for (Q)
Assume that F: I · C 0 fi P fc (E), where P fc (E) is the family of nonempty closed convex subsets of E. We say that F satisfies (A) if: In this section our purpose is to prove an existence theorem for integral solution of the problem (Q), and give some topological properties for the solution set of all integral solutions for (Q). The problem (Q) was investigated, without delay, by many authors [3, 10, 8, 9, 20] for instance. In this case when AðtÞ ¼ 0; Sðt; sÞ ¼ id and a mild solution is a Carathe´odory one, we have a generalization to the existence theorems of Deimling [3] , Ibrahim and Gomaa [4] , Kisielewicz [5] and Papageorgiou [6, 7] . As A(t) " 0 the following results extend that of [6, [8] [9] [10] .
Theorem 4.1. Let {A(t):t 2 I} be a generator of a fundamental solution N : I Â I ! LðEÞ such that N ðt; tÞ ¼ id; t 2 I; id is the identity function on E; N ðt; sÞN ðs; rÞ ¼ N ðt; rÞ; t; s; r 2 I; kN ðt; sÞk 6 C < 1; t; s 2 I; N is continuous; N ðÁ; sÞ is uniformly continuous, for each s 2 I. Moreover let F:I · C 0 fi P fc (E) satisfy (A) and w be a Kamke function such that w(t, AE) is nondecreasing for every t 2 [0, T]. Then, for each x 0 2 E, the solution set of integral solutions S(x 0 ) of (Q) is nonempty.
Proof. Let S 
Ckck , from Bellman's inequality, iv(t)i 6 C 1 . Put u(t) = c(t)(1 + C 1 ). So we may assume iF d (t, v(t))i 6 u(t) a.e. on I since, otherwise we can replace T n Â Ã with t 6 s. Since v is continuous and w is Carathe´odory we can find a closed subset I e of 0;
T n Â Ã ; d > 0; g > 0 ðg < dÞ and for s 1 ; s 2 2 I e ; r 1 ; r 2 2 0;
. Consider the following partition, to [t, s], T n Â Ã such that k(I À J e ) < e and that for any compact subset C of J e cðD 1 ðC Â ZÞÞ ¼ cðF d ðC Â AÞÞ 6 sup s2C wðs; bðAÞÞ:
wðs; bðAÞÞ:
and by the mean value theorem we obtain 
Arguing as in above, for the multivalued function F k : 
where g k ðtÞ ¼ l k 0 ðtÞ if t 2 0;
( Consequently, for all n 2 N, we have a continuous function v n such that v n ¼ C on [Àd, 0] and for each t 2 I is defined by v n ðtÞ ¼ N ðt; 0ÞCð0Þ þ . Put cðLðtÞÞ ¼ cðfv n ðtÞ : n 2 NgÞ, by the same as above we get c (L(t)) = 0 for all t 2 I. Thus by Ascoli's theorem the sequence fv n : n 2 Ng converges uniformly to a function v 2 C E ([Àd, T]) such that y ¼ C on [Àd, 0]. As in the proof of Theorem 3.1 we obtain cðfq n ðtÞ : n 2 NgÞ ¼ 0 and so fq n ðtÞ : n 2 Ng is relatively compact. Create a new multivalued function QðtÞ ¼ convfq n ðtÞ : n 2 Ng. Thus QðtÞ is nonempty convex and compact, the set d with t 2
Therefore from Lemma 2.6 the solution set SðCÞ of integral solutions of (Q) is nonempty. h Proof. If fv n : n 2 Ng is a sequence of SðCÞ, then arguing as in the proof of Theorem 4.1 we can show that, for each t 2 I; cðfv n ðtÞ : n 2 NgÞ ¼ 0. Thus this sequence has a convergent subsequence and so SðCÞ is compact. h , h s v n ) a.e. on I and q n (AE) 2 L 1 (I, E). Now, for each t 2 I, we have cðfv n ðtÞ : n 2 NgÞ 6 CcðfC n ð0Þ : n As in Theorem 4.1 we have cðfv n ðtÞ : n 2 NgÞ ¼ 0, but the sequence fv n ðtÞ : n 2 Ng is equicontinuous, so from ArzelaAscoli theorem we can find a subsequence ðv n k Þ converges to 6 t 6 T:
As in the proof of Theorem 4.1 we obtain cðfq n k ðtÞ : k 2 NgÞ ¼ 0 for t 2 I, so q n k ! q 0 2 L 1 ðI; EÞ and from Lemma 2.6 q 0 (t) 2 F The problem (Q c ) has an optimal solution if there exist C 2 Z and v 2 SðCÞ such that cðvðTÞÞ ¼ inffcðxðTÞÞ : x 2 SðCÞg. Proof. If C 0 2 Z # C E ð½Àd; 0Þ, then there exists a continuous function v 2 SðC 0 Þ and so, vðTÞ 2 S T ðC 0 Þ. But S T is upper semicontinuous and has compact values, from Berge's Theorem [16] we have S T (Z) is compact and so c has its minimum T 0 on S T (Z). Now there exists C 2 Z such that v 0 2 S T ðCÞ, where c(v 0 ) = T 0 and v 0 2 S T (Z), thus v 0 2 S C ðTÞ which means that v 0 = v(T) for some v 2 SðCÞ. Therefore cðvðTÞÞ ¼ inffcðxðTÞÞ : x 2 SðCÞg. h
Conclusion
The problem (P) was investigated by many authors without delay (h is the zero mapping), for instance, in [1] the author deals
